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On the finite extinction time of the Ricci flow on
certain 3-manifolds
$\sim \mathrm{T}$ . $\mathrm{H}$ . Colding $\mathrm{W}$ . $\mathrm{P}$. Minicozzi II $\sim$
(Yu Kawakami)i




( Poincar\’e ) , 1980
Richard Hamilton Ricci flow ,
. , “Hamilton
program” Grisha Perelman ([Pel], [Pe2], [Pe3])
, ( [CZ], [KL],
[MT] ) , Ricci flOW
, .
, Hamilton program 1 .
, “$\mathrm{s}\mathrm{u}\mathrm{r}\mathrm{g}\mathrm{e}\gamma$” , “surgery” Ricci flow
extinction Ricci flow topology
( flow extinction ,
). , Perelman [Pe2]
.
1.1 (Perelman [Pe2]). $M^{3}$ 1-parameter $g(t)$ Ricci flow
$\partial_{t}g=-2Ric_{M_{l}}$ (1)
, extinction , 3
$(M^{3},g(\mathrm{O}))$ 3 $S^{3}$ $\cross S^{1}$
.





? flow extinction ?
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1 .
1.2 ( ). 3 $S^{3}$ $g_{\mathrm{c}an}$
1-parameter metric $g(t)=r(t)g$ $n$ ( $r(0)=1$) , Ricci tensor
$\text{ }R_{ij}(t\rangle$ $=\mathit{2}g_{1j}$ ( , g:j g n ) , Ricci flow
(1) , $r(t)=1$ –4t , t=1/4
. $g(t)$
$R(t)= \frac{3}{\mathit{2}\{(1/4)-t\}}$
, t=1/4 . , flow extinction .
.
1.3 (Colding-Minicozzi [CM1, Perelman [Pe3]). $M^{3}$ , $g=g(0)$
. Ricci flow g(t) , g(t)
extinction .






. 3 M3 non-aspherical ,
Hurewicz isomorphism theorem topoloy $\pi_{3}(M)\neq 0$
, 2 S2 M
(Sobolev) ( [MM] ).
, “width” .
2.1 (Colding-Minicozzi [CM]). $\beta(0)$ $\beta(1)$ ,
$[\beta]$ $\beta:[0,1]arrow C^{0}\cap L_{1}^{2}(S^{2}, M)$ 1 .
, “width” $W(g)=W(g, [\beta])$ .





( ) \sim .
68
, Ricci flow g(t) width
.
2.3 (Colding-Minicozzi [CM]). $M^{3}$ $g=g(\mathrm{O})$ non-aspherical
3 . l-parameter g(t)







. , $-4\pi$ Gauss-Bonnet , 3/4 Ricci flow
( ) . C
, .




, t 0 T ,
$(T+C)^{-3/4}W(g(T))\leq C^{-3/4}W(g(0))-16\pi\{(T+C)^{1/4}-C^{1/4}\}$ (4)
. $W\geq 0$ , (4) $T$





minima12-sphere . $\Sigma\subset M^{3}$ closed
immersed surface , $g(t)$ Ricci flow (1) $M^{3}$ l-parameter
. , ( [Ha] 38 41
\rangle .
$\frac{d}{dt}|_{t=0}Area_{g(t)(\Sigma)=-}\int_{\mathrm{Z}}[R-Ric_{M}(\mathrm{n}, \mathrm{n})]$ , (5)
69
$R$ , $Ric_{M}$ $M$ , (3 $S^{3}$
$R=6,$ $Ric=\mathit{2}$ ) , $\mathrm{n}$ $\Sigma$
. , $\Sigma$ closed minimal immersed surface ,
.
$\frac{d}{dt}|_{t=0}Area_{g(t)}(\Sigma)=-\int_{\Sigma}K_{\mathrm{Z}}-\frac{1}{2}\int_{\Sigma}(|A|^{2}+R)$ , (6)
, $K_{\mathrm{Z}},$ $K_{M}$ $M,$ $\Sigma$ Gauss , $A$ $\Sigma$ 2 (




(5) (6) . (6) .
3.1 (Colding-Minicozzi [CM]). $\Sigma\subset M^{3}$ closed minimal immersed
sphere ( minimal 2-sphere ) ,
.
$\frac{d}{dl}|_{t=0}Area_{g(t)}(\Sigma)\leq-4\pi-\frac{Area_{g(0)}(\Sigma)}{2}\min_{M}R(\mathrm{O})$ . (7)




, Ricci flow g(t) R
$\partial_{t}R=\triangle R+2|Ric|^{\mathit{2}}\geq\triangle R+\frac{2}{3}R^{2}$ (8)
, ( [To] ) .
3.2. Ricci flow (1) $M^{3}$ 1-parameter $g(t)$
$R=R(t)$ , $C$ , $t>0$
.
$R(t) \geq-\frac{3}{2(t+C)}$ . (9)




, minimal 2-sphere ,
2.3 . , width $W(g)$ minimal 2-sphere ,
.
4.1 $(\mathrm{J}\mathrm{o}\mathrm{s}\mathrm{t}[\mathrm{J}\mathrm{o}], \mathrm{M}\mathrm{i}\mathrm{c}\mathrm{a}\mathrm{l}\mathrm{l}\mathrm{e}\mathrm{f}- \mathrm{M}\mathrm{o}\mathrm{o}\mathrm{r}\mathrm{e}[\mathrm{M}\mathrm{M}], \mathrm{S}\mathrm{i}\mathrm{u}- \mathrm{Y}\mathrm{a}\mathrm{u}[\mathrm{S}\mathrm{Y}])$ . non-aspherical 3
$M^{3}$ g $[\beta]\in\pi_{1}(\sigma\cap L_{1}^{2}(S^{2}, M),$ $M)$
, $[\beta]$ swaep–out $\gamma^{j}$ : $[0,1]arrow\sigma\cap L_{1}^{2}(S^{\mathit{2}}, M)$ ,
$W(g)= \lim_{jarrow\infty}.\max_{\in[0,1]}Energy(\dot{\psi}_{\delta})$ .
, $s_{j}\in[0,1]$ index 1 conformal minimal im-
mersion , $u_{1},$ $\ldots,u_{m}$ : $S^{2}arrow M$ , $jarrow\infty$ , $\gamma_{\epsilon_{j}}^{j}$
$S^{2}\backslash \{x_{1}, \ldots,x_{k}\}$ – $L_{1}^{2}$
, .
$W(g)= \sum_{i=0}^{m}Energy(u_{i})=\lim_{jarrow\infty}Energy(\psi:_{j})$ .
, $i>0$ , $\{x_{k}‘\}$ $x_{k_{i}}$ conformal dilation $D_{:,j}$ : $arrow$
$S^{2}$ , $\gamma_{\epsilon_{\mathrm{j}}}^{j}$ D $u$: .
, 41 sweep-out\mbox{\boldmath $\gamma$}j min-max
, .
42. $\{\gamma_{j}\}$ : $\epsilon>0$
, $J$ $g$ $\gamma_{j}$ $\delta>0$ , $j>J$
$\dot{E}nergy(\dot{\psi}_{l})>W(g)-\delta$ (11)
, index 1 minimal 2-sphere $\{\Sigma_{1}\}$ ,
.
$d_{vat}( \bigcup_{i}\Sigma_{:},\dot{\psi}_{s})<\epsilon$ . (12)
, $d_{var}$ varifold distance ( [CL]
4 ).
, $\ovalbox{\tt\small REJECT} \mathrm{E}\mathrm{n}\mathrm{e}\mathrm{r}y(\gamma_{\epsilon_{k}}^{k})$ width $W(g)$
, $\gamma_{s_{k}}^{k}$ index 1 minimal 2-sphere varifold
. (12)





, 23 . \tau 1 , \mbox{\boldmath $\gamma$}j(\tau )
41 $g(\tau)$ sweep-out , $\delta>0$ $J$ (11), (12),
(13) , $j>J$ $Energy_{g}(\tau)(\gamma_{\epsilon}^{j}(\tau))>W(g)-\delta$




$\leq$ $-4 \pi+\frac{3\max_{l\in[0,1]}Energy_{g(\tau)}(\gamma_{\epsilon}^{j}(\tau))}{4(t+C)}+C_{a}\epsilon$ .








(15) , $\epsilonarrow 0$ (3) , Energy$(\gamma_{\ell}^{\mathrm{j}}(\tau))\leq$
$W(g)-\delta$ , $g(t)$ (14)




[Pe3] ( , Perelman minimal 2-8phere
$\text{ }$ minimal disk .) extinction .
Perelman Morgan-Tian [MT]
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